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ABSTRACT 
We give a simple proof of a result of Hiai concerning similarity preserving linear 
maps on n x n complex matrices as well as its extension to fields of characteristic 
zero. 
Let F be a field. Let M,(F) d enote the vector space of all n x n 
matrices over F, and 4,(F) the subspace of M,(F) consisting of all matrices 
with zero trace. In [I], Botta, Pierce, and Watkins proved the following useful 
result for linear preserver problems by using some techniques from algebraic 
geometry. 
THEOREM 1. Let T be a nonsingular linear map on sl,(F) that preserves 
nilpotent matrices, where F is an infinite field. Then there exist a nonsingular 
matrix P in M,(F) and a nonzero scalar IY in F such that 
T(A) = aPAP-’ for all A in sln( F) 
or 
T(A) = crPAtP-’ forallAin 4,,(F). 
Theorem 1 was used by Watkins in [5] to obtain the structure of linear 
maps on M,(F) that p reserve a similarity orbit of matrices. 
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A linear map T on M,(F) 1s called similarity preserving if T(A) is 
similar to T(B) whenever A is similar to B. In this note, we show that the 
following result concerning the structure of similarity preserving linear maps 
follows easily from Theorem 1. This result was proved in [2] by Hiai over the 
complex field. 
THEOREM 2. Let T be a linear map on M,(F), where F is an infinite 
field such that char F = 0 or char F does not divide n. Then T is similarity 
preserving if and only if one of the following holds: 
(a) there exists B E M,(F) such that 
T(A) = (trA)B forallAinM,(F); 
(b) there exist a nonsingular matrix P in M,(F) and (Y, P in F such that 
either 
T(A) = aPAP_’ + p(trA)Z forallAinM,(F) 
or 
T(A) = aPAtP-’ + p(tr A)Z foraZZA in M,( F). 
Proof. The sufficiency part is obvious, and we prove the necessity. We 
first show that either Ker T c ( I) or Ker T 2 sl,(F). Suppose that there 
exists a nonscalar matrix A in Ker T. Using the rational canonical form of A, 
we may assume that either 
6) A = diag(a,, . . . , a,) for some a,, . . . , a, in F where a, # u2, or 
for some a,, . . . , a,. in F where r > 2 and some C E M,_.(F). 
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In case (i), let 
J= “0’ a, i I CT3 diag(a,,...,a,). 
Then A is similar to 1, and hence J - A = E,, E Ker T. In case (ii), let 
Dh = dia&, . . . , 1, A, 1,. . . , l), where A is in the rth position. Let A and n 
be two distinct scalars in F - {0, 1). Then direct verification shows that 
(77 - l)(D,AD,-’ -A) - (A - 1)(D7AD;’ -A) = aE,_,,r 
for some nonzero a in F, and this matrix is in Ker T. In both cases Ker T 
contains a rank 1 nilpotent matrix and hence contains every rank 1 nilpotent 
matrix. Since sl,(F) is spanned by rank 1 nilpotent matrices Eij and 
Eii + Eij - Eji - Ejj for i #j, it follows that Ker T 2 sl,(F). 
If Ker T 2 sl,(F), then T is of the form (a) with B = T(E,,). Suppose 
that Ker T c ( Z >. Let A be a nilpotent matrix. From the rational canonical 
form of A we see that A is similar to AA for all nonzero A in F. Hence 
T(A) is similar to AT(A) for all nonzero A E F. Since F is infinite, we see 
that every eigenvalue of T(A) is zero and hence T(A) is nilpotent. By the 
assumption on char F, we have tr Z # 0. Hence the restriction of T to sl,(F) 
is nonsingular, and it follows from Theorem 1 that 
T(A) = aP-lAP, A E sl,,( F) (la) 
or 
T(A) = aP-‘A?‘, A E sln( F) (lb) 
for some nonzero scalar (Y and some nonsingular matrix P. Since Ker T c 
(I), either T(Z) = 0 or T is nonsingular. For the latter case, T(Z) = Z for 
some nonzero rr X n matrix Z over F. Since T( Q - ‘ZQ) = Z for any nonsin- 
gular matrix Q in M,(F), Z must be a scalar matrix. Hence T(Z) is a scalar 
matrix in both cases, and it follows from (1) that T is of the form (b). W 
REMARK. Hiai’s proof relates the rank of a matrix with the dimension of 
the tangent space of its similarity orbit and applies a theorem of Marcus and 
Moyls [4] on rank 1 preservers. It was pointed out by Horn, Li, and Tsing in 
[3] that Hiai’s proof can be modified to obtain Theorem 2 in the real case. 
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When char F is a divisor of n, we have the following result: 
THEOREM 3. Let T be a linear map on M,(F), where F is an infinite 
field such that char F d ivi de s n. Then T is similarity preserving and T(Z) # 0 
if and only if there exist a nonsingular matrix P in M,(F), (Y in F - (O}, and 
p in F such that 
T(A) = aPAP-’ + p(tr A)Z firallA in M,( F), (2a) 
or 
T(A) = cxPA’P_l + /3(tr A)Z for all A in M,(F). (2b) 
Proof. The sufficiency part is clear, and we prove the necessity. From 
the proof of Theorem 2 we see that (i) T is nonsingular, since T(Z) Z 0 and 
Z E sl,(F); (ii) T preserves nilpotent matrices. Hence by Theorem 1 there 
exist a nonzero scalar (Y and a nonsingular matrix P such that 
T(A) = aPAP-’ forallA in sln( F) (3) 
or 
T(A) = CYPA~P-’ for all A in sln( F). (4) 
Define S(A) = a-lP-lT( A)P in case T has form (3) and S(A) = 
-lP-lT( Af)P in case T has form (4). Then S is similarity preserving, and 
i(A) = A for all A in sl (F). 
Let S(E,,) = (ci ). 
(s,t> entry of S(E,,j 
s”ince S(E,, - Eji) = E,, - E,,, it follows that the 
is equal to cSt for (s, t) P ((1, l),(i, i>}. For j + i, 
similarity of S(E,,) to S(E,, + Eij) implies that 
E,( S( E,,)) = Ez( S( Eii f Eij)) 
= Ez( S( Eij) + Eij) 
= E,( S( E,,)) - Cji 
and hence cji = 0. Here E,(X) is the second elementary symmetric function 
of X. Hence 
S(Ell) = diag(a,,a,,a,,...,a,) 
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and 
S(E,,) = diag(b,,b,,a,,...,a,), 
where a, = cii, i = 1,. . . , n, b,, b, E F. Since S(E,, - E,,) = E,, - E,, 
and S( E,,) is similar to S( E,,), we have 
a,-b,=l and b,=a,. 
Therefore a, = u2 + 1. Similarly by considering S( E,,) and S(E,,), we have 
a, = ui + 1 for i > 2 and hence S(E,,) = E,, + u2 I. This implies that 
S( A) = A f u,(tr A) I 
for all A in M,(F). Hence T is of the form (2>, and the proof is complete. n 
REFERENCES 
E. P. Botta, S. Pierce, and W. Watkins, Linear transformations that preserve the 
nilpotent matrices, Pucijk 1. Math. 104:39-46 (1983). 
F. Hiai, Similarity presening linear maps on matrices, Linear Algebra Appl. 
97:127-139 (1987). 
R. A. Horn, C. K. Li, and N. K. Tsing, Linear operators preserving certain 
equiv‘alence relations on matrices, SIAM J. Matrix. Anal. Appl. 12:195-204 
0991). 
M. Marcus and B. N. Moyls, Transformations on tensor product spaces, Pucajk J. 
Math. 9:1215-1221 (1959). 
W. Watkins, Linear transformations that preserve a similarity class of matrices, 
Linear and Multilinear Algebra 11:19-22 (1982). 
Received 29 Muy 1992; final manuscript accepted 17 September 1992 
